A SECOND ORDER LOCAL MINIMALITY CRITERION FOR
THE TRIPLE JUNCTION SINGULARITY OF THE
MUMFORD-SHAH FUNCTIONAL.

R. CRISTOFERI

ABSTRACT. This paper is the first part of an ongoing project aimed at pro-
viding a local minimality criterion, based on a second variation approach, for
the triple point configurations of the Mumford-Shah functional.

1. INTRODUCTION

The importance of the Mumford-Shah functional (introduced in [18, 19] in the
context of image segmentation) lies on the fact that it is a prototype for the class of
variational problems that are commonly called free discontinuity problems. These
problems are characterized by a competition between volume and surface energy,
and arise in many physical models (for example, in fracture mechanics).

The (homogeneous) Mumford-Shah functional in the plane is defined as follows:

MS(u,T) ::/ Vul? dz + HI(T N Q) (1.1)
O\

where Q C R? is a C' domain, H' denotes the 1-dimensional Hausdorff measure,

and (u,T) is a pair where T is a closed subset of R? and u € H'(Q\T').

The existence of global minimizers in arbitrary dimension has been provided by
De Giorgi, Carrieo and Leaci in [8] (for other proof see, for instance, [13] and, for
dimension 2, [7, 16]) In the seminal paper [19] it has been conjectured that, if (u,I")
is a minimizing pair, then the set I' is made by a finite union of C' arcs. Given
this structure for granted, it is not difficult to prove (see [19]) that the only possible
singularities of the set I' can be of the following two types:

e I' ends at an interior point (the so called crack-tip),
e three regular arcs I'',T'2,T"® meeting at an interior point xy with equal
angles of 2m/3 (the so called triple point).

Although several results on the regularity of the discountinuity set I' have been
obtained (but we will not recall them here), the conjecture is still open.

The deep lack of convexity of the functional (1.1) naturally leads one to ask
what conditions imply that critical configurations as above are local minimizers.
The study of such a conditions has been initiated by Cagnetti, Mora and Morini in
[4], where they deal with the regular part of the discontinuity set. In particular they
introduce a suitable notion of second variation and prove that the strict positivity of
the associated quadratic form is a sufficient condition for the local minimality with
respect to small C? perturbations of the discontinuity set I'. Subsequently, the
above result has been strongly improved by Bonacini and Morini in [3], where it is
shown that if (u,I") is a critical pair for (1.1) with strictly positive second variation,
then it locally minimizes the functional with respect to small L'-perturbations of
u, namely there exists ¢ > 0 such that

MS(u,T) < MS(v,I")
1
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for all admissible pairs (v,I”) satisfying 0 < ||u — v||z < 4.

Among other results on local and global minimality criteria, we would like to
recall the important work [1] of Alberti, Bouchitté and Dal Maso, where they intro-
duce a general calibration method for a family of non convex variational problems.
In particular they apply this method to the case of the Mumford-Shah functional
to obtain minimality results for some particular configurations. Moreover, Mora
in [14] used that calibration technique to prove that a critical configuration (u,T’),
where I' is made by three line segments meeting at the origin with equal angles, is
a minimizer of the Mumford-Shah energy in a suitable neighborhood of the origin,
with respect to its Dirichlet boundary conditions. Finally, we recall that the same
method has been used by Mora and Morini in [15], and by Morini in [17] (in the
case of the non homogeneous Mumford-Shah functional), to obtain local and global
minimality results in the case of a regular curve I'.

Our aim is to continue the investigation of second order sufficient conditions,
by considering for the first time the case of a singular configuration (the triple
point configuration). For the area functional, a general approach to treat the case
of singularities appears for the first time in the works by Cicalese, Leonardi and
Maggi (see [5] and [6] for the application to the stability of the planar double
bubble), and in the case of higher dimensions by Leonardi and Maggi (see[12]).

The plan is the following. In Section 4 we compute, as in [4], the second variation
of the functional MS at a triple point configuration (u,I'), with respect to a one-
parameter family of (sufficiently regular) diffeomorphisms (®;).e(—1,1), where each
d; equals the identity in the part of 02 where we impose the Dirichlet condition
and &y = Id. The idea is then to consider for each time ¢ € (—1,1) the pair
(ug, Ty), where Ty := ®,(T), and u; € H'(Q\I';) minimizes the Dirichlet energy
with respect to the given boundary conditions. . We show that the second variation
can be written as follows:

2
%M&(ut,rt)lt = PMSu,D)[(X v, X -v* X -v*)]+R, (1.2)
where 92 MS(u,T') is a nonlocal (explicitly given) quadratic form, X is the velocity
field at time O of the flow ¢ — ®; (see Definition 2.4), and v is the normal vector
field on T'*. Moreover, the remainder R vanishes whenever (u,T") is a critical triple
point. Thus, in particular, if (u,I") is a local minimizer with respect to smooth
perturbations of T', then the quadratic form 9?MS(u,T) has to be non-negative.

Next we address the question as to whether the strict positivity of 9> MS(u,T'),
with (u,T) critical, is a sufficient condition for local minimality. The main result
(see Theorem 5.1) is the following: if (u,T’) is a strictly stable critical pair, then
there exists § > 0 such that

MS(u,T) < MS(v,®(T)),

for any W2 -diffeomorphism ® : O — Q and any function v € H*(Q\ ®(T))
satisfying the proper boundary conditions, provided that ||® — Id|y=2e < 4, and
®(T") #I'. The above result can be seen as the analog for triple points configura-
tions of the minimality result established in [4] in the case of regular discontinuity
sets.

From the technical point of view the presence of the singularity makes the prob-
lem considerably more challenging. The main difficulty lies in the construction of a
suitable family of bijections (®;);e[0,1] connecting the critical triple point configu-
ration with the competitor, in such a way that the “tangential” part along ®;(T") of
the velocity field X; of the flow ¢ — &, is controlled by its normal part. Moreover,
one also has to make sure that the C?-closeness to the identity is preserved along
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the way. This turns out to be a challenging task, due to the presence of the triple
junction which poses nontrivial regularity problems. This technical difficulty has
been first addressed in [5], where the authors solved the problem of re-parametrizing
a diffeomorphism between two curves in order to obtain a control of the tangential
part of the new diffeomorphism on the curve with its normal one. Such a control is
fundamental when one aims at using a second variation approach. In our case, the
presence of the volume term prevent us to use directly the result in [5], but forces us
to use the strategy described below (formula (1.3)), for which different estimates,
not explicitly written in the above work, are needed. For reader’s convenience, we
present here a construction that is similar in spirit, but independent, to the one
provided by Cicalese, Leonardi and Maggi, where the relevant features that allow
to obtain the estimates are explicitly pointed out. Once such a construction is
performed, one proceeds in the following way. Let g(t) := MS(u, ') and notice
that, by criticality, we have ¢’(0) = 0. Thus, recalling (1.2), it is possible to write

MS(v, (1)) — MS(u, T) = /O (1—1)g"(t) dt

= /1(1 - t) (82M8(Ut, Ft)[Xt . l/t} + Rt) dt. (13)
0

If T; is sufficiently C2-close to I, by the strict positivity assumption on 9> MS(u,T'),
we may conclude by continuity that

BQMS(’UJt,Ft)[Xt . I/t] 2 C”Xt . l/t||2 .

Unfortunately, the remainder R; depends also on the tangential part of X;. How-
ever, if the family (®,); is properly constructed, on can ensure that such a tangential
part is controlled by X;-v; and

|Re| < el Xy - 1]

for any € > 0, provided that the ®,’s are sufficiently CZ?-close to the identity.
Plugging the above two estimates into (1.3) one eventually concludes that, for a
®’s satisfying the above assumptions, MS(v, ®(I")) > MS(u,T").

We conclude this introduction by observing that the above result represents just
the first step of a more general strategy aimed at establishing the local minimality
with respect to the L!-topology in the spirit of [3], which will be the subject of
future investigations.

2. SETTING

Here we collect the terminology and we introduce all the objects we will need in
the rest of the paper. First of all, we need to specify the class of triple points we
are interested in.

Definition 2.1. We say that a pair (u,I") is a (regular admissible) triple point if

o I' = {zo} UTTUT?2UT3, where the T"’s are three disjoint simple open?
curves in € that are of class C® and C?® up to their closure. We also
suppose OT'; = {zo,2;}, where g € Q and z; € 0 with z; # z; for
PF ],

e denoting by v; the normal vector to T';, we require the angle between v;(xq)
and v;(xo) to be less than or equal to m, for all ¢ # j (for the choice of
the parametrization on each +;, see Section 3),

e cach I to do not intersect 9§ tangentially,

1By an open curve we mean a curve C : I — R? where I C R is an open interval.
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e there exists IpQ CC IN\T, relatively open in 92, such that u solves

Vu-Vzdr =0, (2.1)
O\T

for every z € HY(Q\I') with z =0 on dpf.

Remark 2.2. The regularity we impose on the curves I'’s is not so restrictive as
it may seem: indeed we will work with critical triple points (see Definition 4.3),
and it was proved in [10] that, for critical configurations, each T'; is analytic as
soon as it is of class O™, and the regularity theory tells us that each curve is of
class C%® up to its closure. We would like to point out that the assumption that
each curve I'; is open has been made just for convenience, and does not prevent
the use of (u,T), with u € HY(Q\TI'), as an admissible pair at which to compute
the functional MS.

The last condition in Definition 2.1 tells us that u is a weak solution of

Av=0 in Q\T,
v=u on dpf?,
Oy =0  on 9Q\0pQ2,
d,v=0 onT.

From the results on elliptic problems in domains with corners (see, e.g., [9]) and
from the regularity of 02, we know that u can have a singularity near S, the rela-
tive boundary of dp(Q in 92: namely, u can be H' but not H? in a neighborhood
of §. Thus, the gradient of v may not be bounded in that region. In a future
application of the present work we will need to impose a bound on the L°-norm
of the gradient of the admissible competitors. But this can be done only far from
S. So, we are forced to consider competitors equals to w in a neighborhood of §.

Definition 2.3. Given a regular triple point (u,T'), we say that an open set U C
is an admissible subdomain if I' C U and U NS = @. In this case we define

MSE((u,T);U) = /U\F |Vu|? dz + HY(T) .

Moreover, given an open set A C , we denote by H};(A) the space of functions
z € H'(A) such that z =0 on (Q\U)UdpQ.

Notation: we will call Q!, 02, Q3 the three open connected components of Q\I'.

Our strategy requires to perform the first and the second variation of our func-
tional MS. So, we need to specify the perturbations of the set I' and of the
function v we want to consider.

Definition 2.4. Let (u,T") be a triple point and let U be an admissible subdomain.
We say that a family of bijections of Q onto itself, (®t)e(~1,1), is admissible for
(u,T) in U if the following conditions are satisfied:

®( is the identity map Id,

o, =1d in (Q\U)UIpQ, for each t € (—1,1),

i = (®1)| is a diffeomorphism of class C1, for each t € (—1,1),

®, is of class C? on T, for each t € (—1,1),

for each = € Q, the map t — ®;(z) is of class C?.

In this case, we define:

Xp, =P 00,1, Zg, =D, 0®; 1,
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where with ®; we denote the derivative with respect to the variable s of the map
(s,z) = ®s(x) computed at (¢,z). Notice that the above objects are well defined.
Moreover we also introduce the following abbreviations

Xt::Xq;.t, ZtZ:Zq;.t, X::X(), ZZ:Z(),
where no risk of confusion can occur.

Remark 2.5. Usually the variations that are considered are C® diffeomorphisms
of Q for every fixed t, and functions of class C? for every fixed z. The reason
why we need to consider this weaker class of admissible functions is because in the
construction we will provide in Proposition 5.2, the regularity we will be able to
prove is the one of the above definition. However, the above hypotheses on (®;);
suffice to be able to compute the first and the second variation of the functional

MS.

The above variations will affect only the set ', i.e., at every time ¢ we will
consider the set I'; := ®4(T"). Since our functional depends also on a function u,
we have to choose, for each time ¢, a suitable function wu; related to the set I'; at
which compute our functional MS. The idea, as in [4], is to choose the function
that minimizes the Dirichlet energy.

Definition 2.6. Let ® : O — Q be a diffeomorphism such that ® = Id on
(Q\U)U 0p, and set 'y := ®(I"). We define ug as the unique solution of:

fQ\F«p Vug - Vzdr =0 for each z € H;(Q\I'g),
Up = U in (Q\U)UdpQ2,
Up € Hl (Q\F<I>) .
Moreover, given a family of admissible diffeomorphisms (®;);, we set u; = ug, ,

and we define the function :(x) as the derivative with respect to the variable s of
the map (s,z) — us(x), computed in (¢,x). For simplicity, set & := 4.

We are now in position to describe the admissible variations.

Definition 2.7. We define the first and the second wvariation of the functional
MS at a regular admissible triple point (u,I") in U, with respect to the family of
admissible diffeomorphisms (®¢)¢c(—1,1), as

d2

d
&MS((ut7Ft);U)|t20? |25:07

respectively.

3. PRELIMINARY RESULTS

3.1. Geometric preliminaries. We collect here some geometric definitions and
identities that will be useful later. First of all, we will use the following matrix
notation: if A : R? — R? and vy, vs € R?, we set

A[’Ul, 1)2] = A[’Ul] Vg .
Let v C R? be a curve of class C? and let 7 : v+ — S! be the tangent vector

field on . Given an orientation on < it is possible to defined a signed distance
function from ~ as follows:

dy(z +tv(z)) :=1t,

where v(z) is the normal vector to v at the point z. This signed distance turns
out to be of class C? in a tubular neighborhood U of ~; moreover, its gradient
coincides with v on 7. In the following we will use the extension of the normal
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vector field given by the gradient of the signed distance from ~, that we will set
v:U—S.

Given a smooth vector field g : U — R¥  we define the tangential differential
D,g(z) at a point « € v (V,g(z) if k =1) by D,g(x) := dg(x) om,, where dg(x)
is the classical differential of g at x and 7, is the orthogonal projection on 7,7,
the tangent line to v at z. If g : U — R? we define its tangential divergence as
div,g =7 0-g.

We define the curvature of v as the function H : i/ — R given by H := divv.
Notice that, since 0, =0 on I', we can write H = div,v = Dv[r, 7].

For every smooth vector field g : U — R? the following divergence formula holds:

/div,yg dHt = /H(g~1/) dH1+/ g-ndH°, (3.1)
v v Oy

where 7) is a unit tangent vector pointing out of v in each point of dv. Moreover,
if ® : U — U is an orientation preserving diffeomorphism, and we denote by
vo := ®(v), a possible choice for the orientation of g is given by:

In this case, the vector 1 of the divergence formula (3.1) becomes

od L,

o = DO[n]
| DO[n]|

In particular, for an admissible flow (®¢)¢c(—1,1), we will use the following notation:
Vi = Vs, , Mt = Mo, , and we will denote by H; the curvature of ;.

Finally, setting Jg := {(DCI))*T[VH det D®, for every f € L'(vs) the following
area formula holds (see [2, Theorem 2.91]):

/Wfd?—llz/v(fotb)']@dﬂl.

We now treat triple points. Fix for 00 the clockwise orientation and orient the
curves I';’s in such a way that v*(x;) = Taq(x;) for each i = 1,2,3 (see Figure 1),
where 1" is the normal vector on I';.

Op§?

FIGURE 1. An admissible triple point with the chosen orientation
and an admissible subdomain U. The bold part of the boundary
represents the set dp{2.



LOCAL MINIMALITY OF TRIPLE POINTS 7

For the sake of simplicity we will use the following notation: given f:I' — RF,
we will denote by f; its restriction to I';, and we will write

3

. fdH" = Z(fz‘(l"o) + fi(zi)) -

i=1

In the following we will also need to use the trace of a function on I'. We recall
that, since each I'; is open, x; € T';, for each 1 =0,1,2,3.

Definition 3.1. Let ' be a regular admissible triple point, and let z € H'(Q\I).
We define the traces z+,z~ of z on I' as follows: let « € I' and define

1

:t .

2% (z) ;== lim 7/ z
r—0+ | By (x) N V.T,i’ B, (2)NViE

where V' = {y e R? : &(y — ) - vi(x) > 0}, if z € T;.

(y) dy,

In the computation of the second variation we will need some geometric identities,
that we collect in the following lemma. The proofs of the first block of identities
are the same as those of [4, Lemma 3.8], and hence we will not repeat them here.
We just need to prove the last three.

Lemma 3.2. The following identities hold on each T :
1) D>t v'] = —Ar,ut;
) D2ut[X, V'] = —(X - ) Ar,ut — DV [Vpiut, X];
) divy, [(X - ") Viiu®] = (Dps X)T [V, Vipiu®] — V2t (X, 07
) O,iH' = —|Dvi|> = —(H")?;
) D2ut[vt, Vipiu®] = —Dvi[Vpiu®, Viiu®| = —H; [V, ut|?;
) Di : —(DpiX)T[l/i} — DFiVi[X] = —VF(X . V) N
) 5 (P (o ®)s,),_y = Z-v' = 2XI - Vpi(X - v) + DX XT] +
divp: ((X - %) X).
Moreover, the following identities are satisfied:
() 200 0 ®)y_o = (Dr, X)W, o]t , om T
(i) X - G(nfo®s)ymg=—(X-v")' -0 — H(X -v")(X - '), on OT*;
(iii) Z - voa + Dvsa[X, X] =0 on TN IN.

Proof. Proof of (i). Let wy := D®y(x)[r(x)]. Then
i . 8 Wi
&(nt 0 Py)p = Ot Jwe|
Since 1y = Dp:i®[r] = Dri X 71| Dri7, we obtain
9 T
&(m 0 ®¢)j,_g = Dri X[r] = (Dr: X)" [1,7],

we conclude.

Proof of (ii). This identity follows by taking the scalar product of identity (6) with
(X - v)n, and by using (i).

Proof of (iii). This one follows by deriving with respect to the time the identity

(Xt o q>t) : (VBQ © (I)t) =0,
that holds on OI'* N 99). O
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3.2. Properties of the function . In the computations of the first and the
second variation we need to know some properties of the family of functions (ug):
that we state here. First of all we need to prove that the function % actually exists.
This is provided by the following result, whose proof is just the same as those of [4,
Proposition 8.1], where the elliptic estimates in W?P? for p < 4, needed to prove
the second part are, in our case, provided by Theorem 7.2.

Proposition 3.3. Let (®;); be an admissible family of diffeomorphisms, and let
(up) be the functions defined in Definition 2.6. Set u := ug o @ and vy := U —u.
Then the following properties hold true:
(i) the map t — v, belongs to C*((—1,1); H}(Q\T)) ;
(ii) for every & € T, let B be a ball centered in T such that B\T has two
(or, if T = xq, three) connected components By, Bs (and Bs). For every
€ (=1,1), let u be the restriction of u; to B;. Then we have that the
map U (t,x) = uj(z) belongs to C*((—1,1) x B;).

Using the above proposition it is possible to prove the following result, whose
proof is just the same as those of [4, (3.6) of Theorem 3.6].

Proposition 3.4. The function  exists, it is a well defined function of HE (D).
Moreover, it is harmonic in Q\I' and satisfies the following Neumann boundary
conditions:

Oyt =0 on (0Q\0pQ)NU,
dut = divp ((X - I/)Vpui) onT. (3.2)
In particular, the following equation holds:

/ Vi -Vzdr = / [dive (X - v)Vruh)zt —divp (X - v)Veu™) 27 dH', (3.3)
Q r

for each z € HL(Q\TD).

Remark 3.5. First of all we notice that the right-hand side of (3.2) is well defined.
Indeed, by Theorem 7.2 that u is of class H? in a neighborhood of I', and thus
Vru® € H2(T). So, since I' and X are regular, we get that (X-v)Vpu® € Hz(T).

4. FIRST AND SECOND VARIATION

The aim of this section is to compute the first and the second variation of the
functional MS at a triple point (u,T).

Theorem 4.1. Let (u,I") be a triple point, U an admissible subdomain and (®)se(—1,1)
an admissible family for (u,T') in U. Set f:=|Vru~™|?> —|Vrut|? + H. Then the
first variation of the functional MS computed at (u,T") with respect to (®t)se(—1,1)

is given by:

g/\/t:s((u,f,r,f);U)‘t:O :/f(X~u) dH' + [ X -ndH, (4.1)
de r ar

while the second variation reads as:

d? .
@MS((ut,Ft);U)‘t:O = —2/U |V |? dx+/r|vp(x V)2 dH! +/FH2(X cv)? dH!

—|—/Ff[Z-1/—2XH~VF(X~V)—|-D1/[X”,X”]—H(X-V)Q] dH1+/aFZ-ndH°-
(4.2)
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Proof. Computation of the first variation. In order to derive the function
tes MS((ur, Ty);U) = / Va2 da + HA(TY) |
U\TI't

we treat the two terms separately. For the first one we write

3
|V |* do = / |V |? dz
/U\Ft ' ; UunQi '

where Q! := ®,(Q). By our assumptions, ¢ is diffeomorphic to Q; through ®:
and thus we can apply the change of variable formula. So we have

d / |Vu,|? dz 4 / |Vu, o ®,|% det DO, dx
ds U\T, ds U\l

|s=t |s=t

= / [Z(Vut 0 @) - (Vi 0 By) + (D2uy 0 By)dy) + [Vauy 0 By[?div Xy o @] det D®, dz
U\

—9 / Vg - Vi da + / <2D2ut[vut,Xt} + IVut|2divXt) de.
U\T: U\T;

Recalling that @, € H5(U\I't) by Proposition 3.4, from (2.1) we get that the first
integral vanishes. Moreover, since it is possible to write

2D w, [Vuy, Xo] + |V 2 divX, = div(|Vu|*Xy)

integrating by parts in each connected component of Q\T;, and recalling that
X; -vgq =0, we get

4 / |Vu|? dz
dS U\FS

Finally we also notice that in the last expression, we can substitute the operator
V with the operator Vr,, since d,,u; = 0.
For the second term, it is well known (see, e.g., [20]) that

= / (|Vut_|2 — |Vu:'|2)(Xt . I/t) dHl .
T

|s=t

d
" (7—[1(1“5)> = / dive, Xy dH' = | Hy(X;-vy) dH + X, -n dHO.
|s=t Ty Iy oIy

Hence, defining the function f; on I'y as f; := |Vr,u; |*—|Vr,uf |+ H;, we obtain
d
7MS((US,FS), U) .= / ft(Xt . Vt) dHl + Xt * Mt dHO . (43)
ds =t Jp, ar,

Notice that the functions f; are well defined C! functions in a normal tubular
neighborhood of T';. In particular, for ¢ = 0, we deduce the following expression
for the first variation:

d
&Ms((ut,rt);U)ltzo = /(\vpuﬂ?— Vreu P+ H)(X v)dH '+ [ X -ndH°.
r ar
Computation of the second variation. Now we want to compute

d2
@MS((’LLS, FS); U) |s=t’
for s € (—=1,1). The derivative of the first term of (4.3) can be computed as follows:

d d
dt < T, fi( Xy - ) d?—[l> . =% (/F(ft 0 @) (X0 ®y) - (v 0 ®y) g, d’H1>

:/(f+vf'X)(X'V) dHl‘F/f%(‘i’t'(Vtoq’t)J@)u:o A
r r

|t=0
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Now, using equality (7) of Lemma 3.2 to rewrite the second integral, we get
d .
dt( fo(Xe - vy) d?—[1> :/(f+Vf~X)(X-u) du'
r r
t [t=0

+/f(Z~1/72X” V(X -v) + Dy X! X+ dive (X - v) X)) dH?
r
:/f(Z~1/—2X“ V(X -v)+ Dyx!l xI7) an?
r
+/F(f+Vf-1/(X-1/))(X-1/) d’Hl—i-/FdivF(f(X~V)X) dH!

=/F(f'+Vf-u(X-y))(X-y) dH' + aFf(X~y)(X.n)dH°

+/Hf(X-u)2 dH1+/f(Z-u—2X“ V(X -v)+ Dy[x!l XW]) ant,
I I

where the last equality follows from integration by parts, while the previous one by
writing X = (X - v)v 4+ X!I. Now, recalling that f = |[Vru~|> — |Vrut|> + H, we
have that

Vf =2Vrut D?u™ —2Vru~ D?ut + VH,

f=2Vrut - Vra —2Vru - Veat + H.
Using the above identities and (2), (4) and (5) of Lemma 3.2 we can write

/(Vf V) (X w2 dH = /(X v)*[2D*u” [Vru™,v] — 2D*u" [Vru't, v] + 8, H| dH!
r r

= /(X -v)*[2Dv[Vrut, Vrut] — 2Dv[Vru™, Veu~] — |Dvf?] dH!
r

_ /(H2 COfH)(X - v)? dHY
r

where the identity Dv[r,7] = H has been used in the last step.
Now we would like to treat the term [ f(X -v) dH'. First of all we recall that
H = divpr and 8, = 0 (since |14|? = 1). Thus H = divpe, and hence

/FH(X-u)dHl = /F(diva/)(X-u)dHl

—/FD'VF(X'V)dﬂl"'/ (v-n)(X -v) dH°

or

- /F|vr<x~u>\2dﬂrz1+/ (7 m)(X - v) dHO,

ar
where in the last line we have used (6) of Lemma 3.2. Moreover

/F (Vrut-Via®) (X v) dH! = - /

a*dive (Vru® (X v)) dH'+2 / (X -v)(Vrutn) dH®,
I

or

Hence, recalling (3.3), we obtain
/f(X-u) dH!' = —2/ |Va|? dx—i—/ V(X -v)|* dH! +/ (& -n)(X -v) dH°
r U r ar

+2 /BF [z’ﬁ'(X v)(Vrut - n) —a (X -v)(Vru~ 77)} dH".
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Finaly, we have to compute the derivative of the second integral of (4.1). Using
(74) of Lemma 3.2, we have that

d d
dt < Xy - ne dHO) dt (/ (Xt 0 ®y)- (s 0 Pyr) dHO)
Ty 1t=0 or [t=0

_ Ar<z-n+x-;(nto@t)t_o> dHO
- /8F<Z-77—(X-z/)(Vn)—H(X-u)(X-n)) dH° .

We now observe that some integrals vanishes for regular admissible triple points.
Indeed, by the Neumann conditions satisfied by u, we know that d,u* =0 on T’
and that d,,,u® = 0 on IyQNU. The admissibility conditions we required on reg-
ular admissible triple points tell us that vpq(z;) and v;(x;) are linear independent
for every i = 1,2, 3, as well as vy (z¢) and va(xg). Using the fact that Vu™ is con-

tinuous up to the closure of T', we can infer that Vu® (x;) = 0 for each i = 0,1,2,3.

Combining all the above identities, we obtain the desired formula for the second
variation of our functional MS at a regular admissible triple point (u,T"). O

Remark 4.2. The above expression for the second variation can be also used to
compute the second variation at a generic time ¢ € (—1,1). Indeed, fix t € (—1,1),
and consider the family of diffeomorphisms

By =Py 0Dt

It is easy to see that this family is admissible for (u,I') in U, and that

d? d2 -
@MS((UM Fs)v U)|s=t = WMS((’LHJF}“ Cph(rt)); U) |h=0

Hence, mutatis mutandis, the same expression as in (4.2) holds true for the second
variation at a generic time ¢ € (—1,1).

The expression (4.1) of the first variation suggests the following definition.

Definition 4.3. Let (u,T") be a triple point and U an admissible subdomain. We
say that (u,I) is critical if the following three conditions are satisfied:

e H=|Vru |>—|Vrut|? on T,

o the I'"’s meet in z( at %77,

e cach I'" meets 02 orthogonally .

Remark 4.4. Notice that a critical triple point is such that H; = 0 on OI".
Now we want to rewrite the second variation in a critical triple point.

Proposition 4.5. Let (u,T') be a reqular critical triple point. Then the second
variation of MS at (u,T) in U can be written as follows:

d? .
@MS((U“I});U)M:O = —2/U|VU|2 dl‘+/F‘VF(XZ/)|2 dHl

3
+/ H*(X -v)* dH' =) " (Hoo(X -v")?)(;) .
r i=1
Proof. We notice that for a regular admissible critical triple point f = 0 on T,
Vut =0o0n o', X-n= X -vgo =0 on ['NAN and, thanks to (i7i) of Lemma 3.2,
that
Z -n = —Duvaq[X,X] = —(X -v)?Drgav,v] = —Hpa(X -v)?.
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Recalling that the I'""’s meet in z at 27, we also have that S Z V() = 0.

This allows to conclude. U
The above result suggests to introduce the following definition.

Definition 4.6. We introduce the space

H'(T):={p:T =R : g, € H'(I"), (¢1 + 02+ ¢3) (o) = 0},
endowed with the norm given by:

3
Il = 3 il
i=1
Then, we define the quadratic form 8?MS((u,T);U) : HY(I') = R as

PMS((u,I);U)[g] = —2/ |V, |* dx+/|Vp<p|2 dH1+/H2<p2 dH!
r

—Z (93 Doy, v) (),
where v, € H}(Q\T) is the solution of
— ) Lt
/QV%, Vzdz = (divp(¢Vrut),z )H_%(F)XH%(F)

—(divr(¢Vru~), 2z~ (4.4)

>H’%(F)><H%(F) ’
for every z € H},(Q\T).

The following lemma ensures that the right-hand side of (4.4) makes sense.
Lemma 4.7. Let ¢ € HY(T') and let ® € H2(T') N CO(T"). Then ¢® € Hz(T).

Proof. We need to estimate the Gagliardo semi-norm. So

[(p(I) 2 12 _// |SD ( ) (y)‘Q dHl(QL') del(y)

Iﬂs—yl2

< [ [lempEp ot |( O 4242 (@) arit o)

+ [ 1ot |2“I> UL 0w are )

< (1@ 2ol /2 + IIsOIILoo[ ]H1/2'

Using the Sobolev embedding H'(I') ¢ Hz(I') N L°°(T"), we obtain that the above
quantity is finite, and hence we conclude. O

Remark 4.8. The above result holds just requiring ® € H %(F), but the proof
is longer. Since in our case we already know that Vyu*t € H%(F) N C%«(T) for
a € (0,1/2), we prefer to give just this simplified version of the result.

Remark 4.9. Notice that it is possible to write
@MS((ut, Iy); U)‘f;s = PMS((us, Ts); U) [(X - v, X -2, X V3] + Ry, (45)
where Ry vanishes whenever (u,I') is a critical triple point.

We now introduce the space where we will prove the local minimimality result.

Definition 4.10. Given ¢ > 0, we denote by the symbol Ds(Q, U) the space of
all the diffeomorphisms ® : Q — Q, with ® = Id in (Q\U) U dpf?, such that
||© — Id||W2,oo(F;Q <94.
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Notice that we only require W2 -closeness of ® to the identity on the set T'.
As one would expect, the non negativity of the second variation is a necessary
condition for local minimality, as shown in the following result. Since the proof is
just technical, it will be postponed in the appendix.

Proposition 4.11. Let (u,T") be a critical triple point such that there exists 6 > 0
with the following property:

MS((U,F); U) < MS((U,F<1>); U) ,
for every diffeomorphisms ® : Q — Q with ® = 1d on dpQ U (Q\U) satisfying
[® —Id||c2(r.a) < 8, and every v € H' (Q\Tg) such that v=u in (Q\U)UdpQ.
Then ~
PMS((u,I);U)[p] >0, for every p € H(T).

The following strict stability condition will be shown to imply the local mini-
mality result (see Theorem 5.1).

Definition 4.12. We say that a critical triple point (u,T") is strictly stable in an
admissible subdomain U if
PMS((u,I);U)[p] >0 for every ¢ € H'(I')\{0}.

5. A LOCAL MINIMALITY RESULT
The aim of this section is to prove the following result.

Theorem 5.1. Let (u,T') be a strictly stable critical triple point. Then there exists
0 >0 such that

MS((U,F); U) < MS((’U,F{)); U) ,
for every ® € Ds(Q;U) and every v € HY (N\lg) such that v =u in (Q\U)UIpQ.
Moreover equality holds true only when I'e =T and v = u.

The rest of this section is devoted to the proof of the above result.

5.1. Construction of the admissible family. In this section we construct a
suitable admissible family connecting a critical point I' with a competitor that
satisfies some additional assumptions.

Proposition 5.2. Let (u,I') be a critical triple point and fix € > 0. Then it is
possible to find a constant 6y = 6;(T,e) > 0 and constants C; > 0, Cy > 0,
depending only on T' and 0y, with the following property:

for any diffeomorphism ® € C3(;Q) such that ||® — 1d|c2r,g) < 61 and
®(xg) # 20, it is possible to find an admissible family (®t)iepo,1] such that

[ —Wdllo2riq) <&,  @1(I) = @(T).
Moreover the following estimates hold true for each time t € [0,1]:
1 Xt - Tellpzr,) < CullXe - vellzery) s (5.1)
1Zs - vell Loy < Coll Xt - vellz2(ryy (5.2)

where we recall that v; and 1 are the normal and thg tangent vector field on T'y re-
spectively and that the objects Xy := <I>tO<I>;1, Zy = <I>t0<I>{1 are well defined on T'y.

Heuristics. Before starting with the proof, we would like to give the reader
an general overview of what we are going to do. The idea of the construction is
similar to the one used in [5]. As explained in the introduction, since estimates
(5.1) and (5.2) are not explicitly present in the above work, we decided, for reader’s
convenience, to give here another construction, where the relevant features that
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allow to obtain the estimates are explicitly pointed out. Moreover, since the curves
®(I'*) do not necessarily meet with equal angles, we cannot use Whitney extension
Theorem to extend the functions we will define on each I'* to a function of the
whole €. For, we use Lemma 7.6, that is explicitly designed for our purposes,
where the extension can also failed to be a global diffeomorphism of 2, but with
the essential properties that allow us to perform the computations of the first and
the second variations (see Definition 2.4).

The source of difficulties is, of course, the presence of the triple point. Indeed,
for points in ' far for xo, we can use a standard construction. Namely, we can
define the family (®;); as the flow of a vector field that is (close to) an extension
of the normal vector field of T'. This part of the construction is easy. The tricky
part is when we are closed to zy. The idea we are going to use is the following:
we first construct a vector field Y on I' N B,(x), for some pu > 0, such that
z+Y(z) € ®(I') and Y has null tangential component on I' N By, (20) \ B (o).
This last condition will be used to glue together the vector field Y with the one
defined far from x¢. Then we define our diffeomorphisms ®;’s on I'N B,,(z¢) as

Oi(z) :=ax+tY(x).

In order to obtain (5.1) and (5.2), we need our vector field Y to satisfy the following
two conditions:
(i) Y € C3(T' N Byu(xo)), with [|[Y|lc2(nm, (o)
() 1Y - vllz2cns, @) = MIY - TllL2(0nB, (x0)) » for some M > 0.

y sufficiently small,

Thus, we wonder how to ensure the validity of the above conditions. The first one
is not difficult to achieve by using the assumption that ® is closed to the identity
in the C? norm. Condition (i7) is the tricky one. It suggests us to consider the
sets

; v 3| v
C' = {veB : ’—w-z(xo)‘zf‘— VZ(ZL'O)‘},
S 51
and to use different constructions when Y (zg) := ®(z9) — 29 € C* for some i,

or when this condition is not satisfied. In the latter one, it is easy to define Y
(by letting its normal part to vanish) in such a way that |Y -v| > C|Y - 7|. This
pointwise estimate is enough to ensure the validity of the integral estimate (iz). If
instead Y'(x¢) € C* for some i, then it is not always possible to obtain an estimate
of the type

Xt - 7l L2(rinB, (z0)) < CI Xt vellL2(rinB, (o)) -

Just consider the the following example: each I'? is a segments and & is, around
x0, a translation in the direction of, let us say, I''. In this case, an estimate like
the above one cannot be true for I'!| since Y has only tangential part on that
curve. The idea is to take advantage of the fact that we have a triple point. Thus,
if Y(x0) € C!, then clearly Y(z) € C?> UC? and so, for j = 2,3, the inequality
Y (x0) - 77 (x0)| < C|Y (20) - ¥¥(z0)| holds true. This means that, for j = 2,3, we
can directly obtain the desired integral estimate from the pointwise one. Now it
is clear that the only chance we have in order to satisfy (ii), is to estimate the
tangential part of Y along I'' with its normal part along I'2, i.e., to obtain the
following estimate

Y - 7-1HL2(F}HBM(9¢O)) <C|y- V2||L2(FfﬁBM(a:0)) ; (5.3)

to hold true.
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(z0)

FIGURE 2. The original triple point (bold line) and its image under
the diffeomorphism (dashed line).

Are we sure that we can do it? The worst case scenario is the one shown in
Figure 2: the curve ®(I'!) is completely over I'', and ®(I'?) is over I'? out of a
ball B, (o). Using the closeness of ® to the identity in the C? norm, a very rough
estimate allows us to estimate from below r with a term of the order of \/|Y (zo)].
Thus, we need to construct our vector field Y around z( in such a way that:

o |V 7' <C|Y(x)| on T'N B, %\Y(xo)l(mo)’

e V.-71=0 on I'"\Bey,(z),

o |Y 12| >C|Y(x0)| on I'2.
If the above conditions are in force, then it is easy to see that (5.3) holds true.
We will use two different strategies to let the tangential part of ¥ vanish: on I'?
we just use a cut off function, that will ensure the validity of the last condition.
The idea for constructing the vector field on T'! is to look at that curve and at
®(I') near x( as graphs, with respect to the axes given by 7'(x¢) and v*(zg), of
two functions k' € C3([0,s]) and h' € C3([a, s]) respectively (where a # 0 since
®(z0) # x9). We want the projection of Y (zg) on 71(xg) to go to zero, and then
use the fact that, for s small, Y (s, h(s)) is almost aligned with v!(s,h(s)). For,
we notice that if Y is a vector field connecting a point (s, h(s)) of graph(h) with
a point (¢, h!(t)) of graph(h!), then we are interested in making the quantity ¢ — s
disappearing. Thus, we are lead to consider diffeomorphisms G : [0, s] — [a, s] and
requiring that they are the identity on [3, s], for some 5 € (a, s).

Proof. The proof is divided in three parts: we first define our functions on T', then
we extend them to admissible ones defined in the whole € and finally we will show
that our construction is such that estimate (5.1) and (5.2) hold true. We start with
some preliminaries.

Preliminaries. The constant C' > 0 that will appear in the following computa-
tions may change from line to line, but we will keep the same notation. Fix p > 0
such that

e vi(z) vi(zo) > 2, for z € ' N B, (o),
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B4H($0> € N, ‘

(I'"), is a tubular neighborhood of I,

the sets ('), \ Bs, are disjoint,

e I'"NB,(z¢) is a graph with respect to the axes given by 7*(z¢) and v*(zy).

We will take 01 < &. Moreover, we will fix a cut-off function x : R — [0,1] such

that x =0 on [1,+00) and x =1 on (—o0, 1].

Step 1: construction of the functions near xo. We define the functions ®¢ as
®9(x) ;== x +tN(z),
for x € T'N B, (z0), where the vector field N will be constructed as follows.

Case 1: zo & C*. Write
O(z) —
[(2) —al
for some functions a;,b; : T N B, (z9) — R. Notice that ®(zo) # zo allows us
to say that ®(z) # x in a neighborhood of xy. Up to take a smaller 1, we can
suppose |b;(z) — bi(zo)| < % and |a;(z) — a;(z0)| < 3 for x € T N B, (z0). Notice
that, since g & C?, we have |b;(z0)| > 2, |a;(20)| < %. Consider the unitary

vector field Y on T N Bs, (7o) given by

= ai(@)7(x) + bi(2)v' (),

f/z‘
Y|

Yi(z):

2
V= (@) (a(2)7 (1) + bi()vi (@) + (1 — X)) (@)
Then there exists a constant C' > 0, depending only on I' and y, such that
Vi >yt 7', (5.4)

2
where, if we define Y(z) := X<M> , we set

on I'"N B, (z0). Indeed, by choosing &; small enough, we have that

X(@)ai(z)] < [X(2)(ai(z) = ai(zo))| + [X(2)ai(xo)| < i + lai(zo)|
< O<1—|bi(x) = 1] < 1+ X(2)(bi(z) - 1)],

where in the second to last inequality we have used the fact that |b;(z) — 1| < 1.
Moreover, it is possible to find a constant C' > 0 independent of a;(x¢), b;(x0),
such that ||Yi||c3(f‘ir~|33“(xo)) < C. We claim that it is possible to represent (a
piece of) ®(T%) as a graph of class C® over I'?| with respect to the vector field Y.
Namely, it is possible? to find a function ¢’ € C3(I" N Bs,,(w0)) such that

Tz + @' (x)Y(x)

is a diffeomorphisms of class C® from T N Bs,(zg) to its image, that is con-
tained in ®(I'?). Finally, for any ¢ > 0 it is possible to find 4, > 0 such that if
|1®— Id||cz(r;§2) < 01, then ||Q0||CS(1"1’QBSM($0)) < . Define N := Y.

Case 2: xo € C*. Consider the axes given by 7%(z¢) and v*(zo) centered at
70, and denote by s the coordinate with respect to 7¢(x). Our assumptions on
p allow us to write I'" in a neighborhood of z as a graph of a function h;, with
respect to the above axes. We can suppose §; > 0 so small such that the same is

2This is an application of the implicit function theorem, by using the uniform estimate (5.4)
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true also for ®(T%), i.e., we can represent ®(I'*) in a neigborhood of ®(z) as the
graph of a function h; with respect to the same axes (see Figure 3).

v (x0)
Si
" " e DT i)

FIGURE 3. The idea of the construction of the vector field S*.

Now write ®(zg) — w9 = 807 (w0) + tov'(x0), for some sp,ty € R, where we
can also suppose sg < 1, if &; is sufficiently small. Since zq € C*, we have
that Cisg < |®(xg) — xg| < Casp, for some C1,Cy > 0. For L > 1 define the
diffeomorphism Gy, : [0, (L + 1)\/s0] = [s0, (L + 1)/50] by

Gpr(s):= $+X(L\j%)so'

Notice that o
5 !
A —1) < 0V G (55
Moreover G, is the identity in [L./so, (L + 1),/50]. Now define the vector field
St ((s,h¥(5))) := (GL(s) — 5, hi(GL(5)) — hi(s)) -

Then, by a direct computation, we have

15z < [(ClIH oo + L2 oo + 7o) ) 50

(5 + (14 3)lon + Ihleo)
(G (1 Y I + Solten + Wiflen)).

Notice that S%((s, h(s))) = A(s)v'(zg), for A(s) € R and s € [Ly/s0, (L + 1)y/S0].
We now want to extend the definition of the vector field S to the whole I'*NB,, (o).
Write

v (wo) = ai(2)7" () + bi(2)v' (2)
for some functions a;, b; : T N B, (z0) — R. Let Z € I'" the point given by

((L+1)s0, h((L+1)/50) ),
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and let 7 > 0 be such that the ball B, (o) intersects the curve I'* in the point Z.
Up to take a smaller 11, we can suppose |b;(z) —b;(Z)| < § and |a;(z) —a;(Z)] < },
for x € T' N B, (x0). Up to decreasing the value of 91, we can also suppose
b;(Z)] > 3, |a;(z)| < +. By reasoning as in the previous step, let us consider the
unit vector field
yi
g

Yi(x) :

)

where we define the vector field Y as
Y= X(@) (ai(@)7 () + bi(z)v' (@) + (1= X(x))v' ().

Using the same computation of the previous step, we have that |Y¢-vi| > C|Y*. 7|
on I'" N Bs,(z9) \ By(z0), for some constant C' > 0. Moreover, it is possible to
represent (a piece of) ®(I'¥) as a graph of a function ¢ of class C3 over the curve
I'" N Bs,,(w0)\ Br(xo), with respect to the vector field Y. Notice that the vector
field Y turns out to be of clas C2. Finally, for any ¢ > 0 it is possible to find
61 > 0 such that if ||® —Id|[c2(r,q) < 01, then [[¢llcs(rinBs, (@o)\B, (z0)) < §- Define

Si on I'' N B, (z0)
N = _ o
YY" onlI"nN Bsu($0)\Br($0)

Notice that N turns out to be a well defined C* vector field in I' N By, (o).

Step 2: construction of the functions far from xzo. Let R € C3(Q;R?) be a
vector field with the following properties
|R| <1,
R(z+tvi(z)) = vi(z) for any |t| < p and any z € (T'),\(By(z0)U(09Q),) ,
|R-v| >3 on I,
R is tangential to 0€,
R=0on 9pQQU (Q\U).
Then, it is possible to find a function ¢ € C3((I'*),,\(B, (o) U (99),) (extended in
a constant way along the trajectories of R) such that, if we consider the flow ®F
of the vector field ¥R, we have ®Z((I'"),\ (B, (zo) U (02),) € ®(I'"). Moreover,
for any & > 0 there exists §; > 0 such that if [|®—Id||2(g.0y < 01, then [[¢[|c2 < €.

Step 3: definition of the functions in I'. We define our family of functions
(®t)tefo,1] as follows:

©4@:=X<ME;$|>¢?@)+<1—X<ME;$>>¢?@%

Notice that the flows ®¢ and ®£ are the same for points x € T\(Bau(w0)U(09Q) ).
Moreover® the above functions are of class C® in I' and ®;(T") = I's. Notice also
that, for any x € T', the function ¢ — ®;(z) is of class C3.

We claim that it is possible to find §; > 0 and L > 1 (where L is the constant
used in the construction of the functions G, in the second case of the first step)
such that if ||® — Id| c2(r.0) < 01, then (up to take a smaller u)

[P —Id|lc2 i) <€ (5.6)

3Recall that zo Zr.
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Indeed, we first choose L > 1 such that % < § (where C is the constant appearing
in (5.5)), and then we choose 07 in such a way that the desired estimate holds true.

Step 4: extension of the functions to the whole Q. First of all we extend our
functions ®; on 0 in the following way: let € 02 and consider the image of
the point z at time ¢ through the flow given by the vector field ¥R (where 9 is
the function found in Step 2). Since R is tangential to 99, we know that if we
start from a point x € 912, its evolution with respect to the above flow will belong
to 0f2. Moreover notice that this functions turns out to be the identity on 0p{2.
In order to extend each ®; to the whole Q we will make use of Lemma 7.6 on each
of the three connected components of Q\T', where the function g of the lemma
can be taken as the identity map in Q\ ((I'); U (8€)s). We claim that ®; is a
diffeomorphism in each connected components of Q\I'. This can be easily seen by
noticing that the extension provided by Lemma 7.6 is close to the identity if the
original functions on the curves are. Moreover it is also easy to see that we have
C3 regularity for the map t +— ®;(x), for any x € Q. Hence, (®;); turns out to be
an admissible family.

Step 5: estimates. First of all we prove estimate (5.1). By definition we have

r— X 2
2() = <1x<(3u)3'>>23<x>,

where ZP(z) := ¥?DRI[R] (recall that 1 is the function given by Step 2). Since
|R-v| > 1 in the region where we consider the flow of the vector field R, we can
take 01 so small such that |R(®E(x)) - v4(®F(z))| > 1 for x € I'\ B, (w0). Thus

/ |Z v dH! = / V2DR[R, v ) dH' < C | ?|Ruy)> dH =C | | X v)* dH.
Iy Ty

Iy Ty
To prove estimate (5.2) we first need to notice the following fact: let oy, s >0
be small parameters, and take a,b € R small such that b # 0 and |b] > C|a| for
some constant C' > 0. Consider the two parabolas given by

y=—ao(x—a)*+b, , and y = a2,

Then the distance between these two parabola are greater than %b if € [0,CVb]
(or x € [a,CVb] if a < 0), for some constant C' > 0 depending on a; and ay.

We use the above observation in this way: suppose zg ¢ C* and represent the
curves I'" and ®(I'?) in a neighborhood of zy as the graphs, with respect to the
axes given by 7¢(xg) and v%(xg) centered at xg, of h; and R respectively. Up to
change v*(zg) with —v(zg) we can suppose hi > 0. Thus, it is possible to find
aq, g > 0 such that

hi(s) < ay 82, hi(s) > —aa(s —a)> +b,

where we write ®(z0) — 79 = at?(20) + bvi(xg), for some a,b € R with b# 0 and
|b| > Cla|. Set d :=|®(x¢)—xo|. Thanks to the above observation we can say that

. 1
Y (z)| = 5d,
2
for z € TN By, /(o) , for some constant D > 0 depending on I' and 6; .
We are now in a position to prove estimate (5.2). Suppose xo ¢ U3_;C?. Thanks
to the definition of the vector field N and the properties of R, we know that on I"
it holds

X -v|>C|X - 7|, (5.7)
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for some constant C' > 0. Thus, a similar inequality holds on I'; provided 4, is
sufficiently small. Hence the integral estimate follows directly.
If instead zg € C* we have, for j # i, the following estimate in force

/ X2 AR < Ccdd < C X yPdHt. (5.8)
TinB, /(o) LinBpL z(%o)

For &, sufficiently small, the same estimate continues to hold also for the curves ri
and I (with 77 and v}). Notice that in I'* N Bs,(z0)\ By (z¢) we have estimate
(5.7) in force. By using (5.7) and (5.8) we obtain estimate (5.2). O

Remark 5.3. From the above proof, it is easy to see that the following property
holds: if (®.). is a family of diffeomorphisms of class C? with the same properties
as in the statement of the theorem, such that ®. — @ in the C' topology, where
® is a diffeomorphism satisfying ®(I") # I', then there exists a constant C > 0
such that

1 X° - vill2re) = C,
where T'¢ := ®(T"), denoting by ®! the flow generated by X¢.
5.2. Uniform coercivity of the quadratic form. The second technical result
we prove is a sort of continuity of the quadratic form GQMS((u, ), U) in a stable
critical triple point (u,T"). This result is the fundamental estimate needed in order
to prove Theorem 5.1.

Proposition 5.4. Let (u,T') be a strictly stable critical triple point. Then there
exist 6o > 0 and C > 0 such that

0P MS ((us.Ta): V)] > Cllell
for each ® € Ds(Q,U), where § € (0,85), and each ¢ € H'(T'g).

In order to prove the above proposition, we first need to prove that if (u,I') is
strictly stable, then GQMS((U, r); U) is coercive.

Lemma 5.5. Let (u,I') be a strictly stable critical triple point. Then there exists
M > 0 such that

PMS((u.1); U)le] = MllolF, ) » Vi € H'(T).
Proof. 1t is sufficient to show that
M = inf{o° MS((u,T); U)[¢] : el gy = 1} > 0.

Suppose for the sake of contradiction that M = 0, and let (p,), be a minimizing
sequence for M, i.e., |onl g1y =1 and P MS((u,T); U)[pn] — 0. Then there

exists ¢ € HYT') such that, up to a not relabelled subsequence, @i, — ¢ in
HY(T') and, by the Sobolev embeddings, ¢, — ¢ in C%#(I) for each 3 € (0,3),
and ¢, — ¢ in H2(T'). We claim that

PMS((u,I);U)[g] < lim inf PMS((u,I);U)[pn] = 0. (5.9)

Indeed, it is easy to see that
/|vp<p|2 dH! < liminf/ |Vron|? dH!,
T n—oo T
/H%pi dH! — / H?p? dM',
r r
3 3

Y (9iDvsalv,v])) (z:) = Y (0] Droalv,v]) ().

i=1 i=1

and
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Thus, we are left to prove that
/zidivF(anrui) dH! — / zidin(chpui) dH!,
r r

for all z € HL(Q\I'). Notice that ¢, Vrut € Hz(I';R?) thanks to Lemma 4.7. To
prove the above convergence we will show that ¢, Vrut — oVru® in H%(I‘; R?%):

/ / |(n Vru® — oVru)(@) — (pnVru® — oVru®)(y)|
rJr

dH! (z) dH'(y)

[z —yl?
S i IO e Y AT P

Now we have two cases: if ¢ # 0 then (5.9) gives the desired contradiction. On
the other hand, if ¢ =0, then v, =0, and hence again by (5.9) we obtain that

/ IVrgn|” dH" =0,
r
and this contradicts the fact that ”50”“171(1“) =1. O

Before proving Proposition 5.4 we need to observe the following fact, similar to
[3, Lemma 5.1].

Remark 5.6. Consider the function ug (see Definition 2.6). We claim that, for
every a < %, the following convergence holds true:

sup  [|Vr(uf o @) — VFU:‘:Hco,a(f;Rz) -0,
@GDg(Q,U)

as § — 07 . First of all we notice that, what we are really claiming is that, denoting
by Q1,Q9,Q3 the three connected components of Q\T', and letting u* be the
function wu restricted to €2;, we have that
sup  ||Vr (i o ®) — vfﬂiHCOv“(fﬁaQi;H@) —0,
PeDs(Q,U)
as 6 — 0T, where %’ is the trace of u* on I' N 9€;. This can be proved by using

the estimate of the H?-norm of % o ® in a neighborhood of T' (that turns out to
be uniform for ® € Ds(Q2,U)) and by the Ascoli-Arzela theorem.

Proof of Proposition 5.4. Suppose for the sake of contradiction that there exist a
family of diffeomorphisms ®,, : @ — Q with &, =Id in (Q\U) U 9pf such that
®,, — Id in C%(Q;Q), and functions ¢, € H'(T's,) with ”‘anﬁl(F%) =1, such
that

PMS((us,,Ts,);U)len] = 0. (5.10)
Let @, := cpipn © Dy, where ¢, := ||, © @n\\;(r) — 1. Then it is not difficult to
prove that
HE oh dH! f/HQQfL dH'| =0,
T, " T
[ 1Vraoal @t = [ 190 ant| o0,
T, r
and

D= ((en)2Dvonly. ) (@u() = Y- (B0): Dvonly. ) )

We also claim that the following convergence holds

— 0.

/ \Vog, — V(v,, o ®,)|* dz — 0. (5.11)
U
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To prove it we proceed as in the proof of [4, Lemma 5.4] that, for the reader’s
convenience, we reproduce here. Our argument only changes from the original one
in the proof of the last convergence, where we take advantage of the fact that in
dimension 2 functions in H!(T') are bounded in L®. Otherwise we would have
needed that Vrp(u* o ®,) — Vrut in CO%(I;R?) for some o > %, while in
our case, due to the singularity given by the triple point, we only have the above
convergence for a < % So, setting z, = vz, — vy, © ®,, we obtain that z, solves

the problem

/ A [Vzp, Vz] do — / (Ap, — 1d)[V@,, Vz] dz + /(h,fer —h 2z )dH' =0,
U U r

for all z € H5(Q\TI), where h¥ := divp(@,Vru*) — (divr,, (cpnvp%uq, ) Ja,,
and A, := (Jp, D7'®,D"T®,)0 ®,. Since 4, — Id in C' and the sequence
(vz,)n is bounded in H'(Q\TI'), we have that (A, —Id)[V@,] = 0 in H'(Q\I).
Thus (5.11) follows by showing that h¥ — 0 in H~2(T'). First of all we want to
write the last term of h, in a divergence form. For let £ € C°(I") and write

[ (@vr, (0u T, ) o € 4t = [ dive,, (001, 03, (€0 @) a!
N Iy,

. / onVrs ik Vr, (€05 dH!
Fcpn )

_ / on(Dr®,) " 0 B [Vi(ud 0@,)0 @, (Dr, ®,) "[(Vre) o @;] dH!
Fcpn

. / e Bu(Dr,)  (Drd,) T[Ve(uE. 0 ®,), ViélJp, & AH?
I

_ /F e dive (Fa(Dr®,) " (Dr@,) ") [Vr(uk, o )], )€ dH!

Thus we have that
hi = divp (&, Vru™ — ¢, ' @n(Dr®,)  (Dr®,) " [Vr(ug, o @)l e, ) =: divp ¥,

and hence, in order to prove that hf — 0 in H~2(T') we will prove that UE 0
in H? (T"). In order to estimate the Gagliardo H? -seminorm, we first simplify our

notation by setting \, := ¢, (Dr®,)" Y (Dr®,) T Js, and u, := uin o ®,,. Then
we can proceed as follows:
(‘zn)‘nvl"uf)(x) - (Gnvfui)(x) - (‘zn)‘nvl"ui)(y) + (%Vrui)(y)

= [(Pn(An = 1) Vrup) (@) = (Zn(An — 1d)Vruy) (2)]

+[(@n(Vruy, — Veu®)) (@) = (@n(Viuy — Veu®))(y)].
The first term can be rewritten as follows
(@n(An = 1) Vrug) (@) = (Gn(An — 1d)Vruy, ) ()
= (@n(An —1d))(2)[Vrug)(z) — Vrud)(y)]
+ on(2)[(An = Id)(2) — (A = 1d)(y)] + (@n(z) — &n(y)) (An — 1d)(y),
while the last one as
(@n(Vruy, — Veu®)) (@) — (@n(Vru, — Veu®))(y)
= ¢n(@)[Vru, — Veou®)(z) — (Vouy, — Veu®)(y))]
+ [Pn(@) = Pn(W)][Vrug — Vru®)(y)].
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Thus the Gagliardo H 2 -semi-norm of ®,, can be estimated as follows:
v, (x)— V¥, 2
rJr |z =yl

< ”@n”%’“(r) [An — IdHQCO(Q;RnZ) [ HVFU;&:H;

i (20

2(I) H3(T)
EH BBy A~ 1120 02,
Gl Vet = Va2,
gl g V0 = Fru (o) (512)

To estimate the terms on the right-hand side we will use the following facts:

e (@n)n is bounded in Hz(I') and in CO(I),

e )\, — Id in CH(Q;RY),

e u, »u in H*((Q\I)NV), where V is a neighborhood of I' in © such

that VNopQ =0.

Indeed the first fact follows directly from the Sobolev embeddings, since (©y,)n is
bounded in H'(T), the second convergence is easy from the fact that ®, — Id
in C?, while the last claim is a consequence of the continuity property of elliptic
boundary value problems: writing the equation satisfied by u,, on 2 we notice that
the coefficients of the elliptic operator converge to those of the laplacian. Thus,
by Theorem 7.3 we get that u,, — u in H'(2) and by the estimate (7.1) that the
convergence is actually in H2((Q\I')NV) (notice that we have to restrict ourselves
to a neighborhood of T" in order to avoid the singularities of u where the Neumann
boundary condition transforms into a Dirichlet one).
Thus we conclude from (5.12) that ¥,, — 0 in Hz(T).

Combining all the above convergence, one gets that
|0°MS ((ue,,To,);U)lpn] — 0*MS((u,T);U)[@n]| — 0,
and hence, by (5.10), that
PPMS ((u,I);U)[pn] — 0.
But this is in contradiction with the result of Lemma 5.5. O

5.3. Proof of Theorem 5.1. We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let ® as in the statement of the theorem. o
Step 1. Suppose @ satisfies the following additional hypothesis: ® € C3(;9Q),
D(x0) # 2o and <I>(F N Br(l‘o)) =TN B,(x) +v for some r >0 and v € R?2.

First step. Consider the diffeomorphisms (®;); given by Proposition 5.2. Define
the function g(t) := MS((us,T4);U). Since (u,T) is a critical point we have that
¢'(0) = 0. Hence we can write

MS ((ua, Ta)s0) = MS((wT30) = (1)~ 9(0) = [ (1= 0.

We claim that there exists 6; > 0, and a constant C > 0 such that

g'(t) = CIX - u (5.13)

2

HY(Ty)?
whenever [[® —Id||c2(q.0) < § < ;. This allows us to conclude. Indeed the local
minimality follows directly from (5.13), while the isolated local minimality can be
deduced from the fact that MS((u,I');U) = MS((v,I's);U) implies g”(t) = 0
for each t € [0,1]. In particular ¢”’(0) = 0, and this implies that X - =0 on T}.
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Looking at the construction of the vector field X (see Proposition 5.4) this implies
that X =0 on I', that is I'4 = I'. Since now the curve I' is fixed and we already
know that « minimizes the Dirichlet integral over Q\I', we obtain the isolated local
minimality of (u,I") as wanted.

Let us now prove (5.13). First of all we notice that, by criticality of (u,T),
" intersects 9Q orthogonally and v%(zg), % (xg) are linear independent for i # j.
Thus it is possible to take § sufficiently small in order to have the that I'; intersects
09 in a non tangent way and that v} (x¢), v/ (zo) are still linearly independent for
i # j. By the definition of u; we have that 8l,tuti =0 on I'; and 8,,39ui =0 on
(0Q\0pQ) N U. Then

Vrut(zt) =0 fori=0,1,2,3.
In particular f; — H; =0 on OI';. Thus, by Remark 4.2, we can write

d2

gt = @MS((uS,FS); U)oy = P MS((ur, T0); U) [X - 1]

|
+/ fi[Z v —2X WV, (X 1) + D[ X!, XW] — Hy(X - 14)?] dH!
T
3

+ Z(X -v)? Dvgalve, v () +/ Z-n; dH°, (5.14)
i=1 or:

where we set z! := ®4(x;) for i = 0,1,2,3. Now we need to estimate each of the
above terms. Fix ¢ > 0. For the first one we appeal to Proposition 5.4 to obtain

2
HY(Ty) "

To estimate the second term of (5.14) we recall that Remark 5.6 and the conti-
nuity of the map ® — Hg assert that the map

® € D5, (% U) = [[|Vraugl® = [Vrug * + Ho | oo

is continuous with respect to the C?-norm. Since by the criticality condition that
quantity vanishes for ® = Id, possibly reducing §;, it is possible to have

[IVreud|? — |Vrgug > + H<1>||LQQ(F(P) <,

for each ® € Dy (Q;U). Hence

fi[Z v —2X -V, (X - 1) + Dy [ X, X W] — Hy(X - 1y)?] dH?
Ty

> =)\ Z v —2X11 Vi (X 1) + D[ X1, X = Hy(X - 00)? |y
Z C||X'Vt‘|i~11(pt)7 (516)

where in the last step we used estimates (5.1) and (5.2) provided by Proposition 5.2.
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To estimate the last term we recall that Z = 0 in a neighborhood of xy. Thus,
we can rewrite the last term as
3

Z(X - 11)? Dvgave, v (xh) +/ Z - dH°

i=1 or

[(X v)?Dvgqlve,ve) + Z - Wt] (zh)

Il
.Mw

~
Il
—

[(X -v)?Dvgalve, vl + Z - (y — vaq) + Z - ng] (zh)

|
.Mw

@
I
-

[—(X -m)*Dvsqne, m) + Z - (ne — voa)](a}),

I
.Mw

~
Il
—

where we have used equality (i) of Lemma 3.2. We claim that it is possible to
choose §7 in such a way that

X - (2)[? < X - w2, (5.17)
e — vaal(zf) < ¢, (5.18)

and
Z(2)] < CIX - viell G oy (5.19)

for all 4 =1,2,3. Indeed, (5.18) follows easy by noticing that n(z;) = vsq(z;) and
by the identity
D&y [n)]

N = o
| D®[]]
To obtain (5.17) we notice that from X = v on 9Q N IT we get X - n(z;) = 0.
Then we conclude thanks to the continuity of the maps

G- {(m,v,w) € (69 N Bg(xi)) X (Bg(n(x)) N Sl) X (Bg(u(x)) N Sl)} — R,
given by
@)

|F(x) - wl
Finally, in order to obtain (5.19), we notice that, by construction of the vector field

X, there exists a function ® € C?((I')5) that is constant along the trajectories of
F, such that X = ®F near 99 (see Proposition 5.2). Hence

Z(x7) = DX[X](x}) = ®(:)*DF[F](x}) .
Reasoning in a similar way as above, taking a ¢; sufficiently small, we have that

|F v (at)| > 3, and hence ®(z;)? < 2(X -1y)(z)? for x € Bs(x;). Thus, we obtain

the estimate

Gi(z,v,w) :

|Z($f)‘ < C|X : Vt|2 < C2HX . Vt”?fp(l-\)a

where C' > 0 depends only on F' and & and the last inequality follows by the
Sobolev embedding. Using (5.17), (5.18) and (5.19) we obtain
3
> [=(X -m)?*Dvsalne, ] + Z - (g — voa)| (x}) > —Ca|| X - VtH%l(F)' (5.20)

i=1

Now, combining the estimates (5.15), (5.16) and (5.20), we get that:

1 1
/0 g'(t)dt > (C - (Cy +Cg)§)/0 X - Vt||%1(F)dt.

Thus, by taking ¢ sufficiently small, we finally have the claimed bound (5.13).
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Step 2. It is easy to see that, given @ as in Step 1, but with ®(zg) = zo,
it is possible to construct a family of diffeomorphisms ¥, : ®(T") — € such that
U (x9) # 20 and ¥, — Id in the C? norm, as ¢ — 0. This implies that

MS((uw_, Ve(®());U) = MS((ua, (2(T); U) .

Thus the result follows by passing to the limit in the inequality proved in the pre-
vious case.

Step 3. Notice that all the previous steps have been done just by using the close-
ness of ® to the identity in the C?-norm. So, given a diffeomorphism ® € C?(2; )
such that [|® —Id||lcz(pr.g) < 6, we can find (®.). C C*(Q;Q) with ®. = Id in
IpQU(NU’), where U C U’, with U’ an admissible subdomain, such that &, — @
in C?(Q;Q). Using Remark 6.2, we know that, if U’ is close to U in the Hausdorff
sense, then (u,T") is stable also in U’. The result follows by passing to the limit.

Step 4. Finally, the local minimality with respect to W2’°°—perturba:ciops can be
obtained by approximating an admissible diffeomorphism ® € W?2>(); ) with a
sequence of diffeomorphisms of class C? converging to ® in the W2 -topology.

Finally, the isolated local minimality follows by Remark 5.3. O

6. APPLICATION

In this section we would like to give some examples of critical and strictly stable
triple points.

6.1. Local minimality in a tubular neighborhood. Here we want to prove
that, under an additional assumption (similar to those of [4] and [3]), every critical
triple point is strictly stable in a suitable tubular neighborhood, and hence a local
minimizer with respect to W?2*-variations contained in that tubular neighborhood.

Proposition 6.1. Let (u,I') be a critical triple point, and suppose that
HaQ(J?l) <0, (61)

for each i = 1,2,3. Then there exists i > 0 such that, for all p < @, (u,I’) is
strictly stable in (I'),,.

Proof. Step 1. First of all we prove that there exists a constant C' > 0 such that:
3
2 1 2 2 1 2 2
[ ek ant + [ m ant - > otlei) Han(e:) 2 Clel g

for all ¢ € HY(I'). Indeed, by using the Sobolev embeddings, it is easy to see that
[ IVeoil a4 = ) Honlw) 2 € [ ol ant
i i
Step 2. The only thing we have to prove now is that

lim  sup / |Vor2da =0, (6.2)
=0 semtm), J (@) v
llell g1 ry=1

where vl € H(lr)“(Q\F) is the solution of

/ Vol -Vzdz = (divr (@Vru+>,z+> F)—(divF (wVpu_),z_>
Q

H™3(T)xH?(T)’
(6.3)

H™2(T)xH3(
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for every z € H%F)“(Q\I‘). For each > 0, let @" € HY(T'), with 12" g1y = 1,
be such that

Vol.|?de = sup / [Vok|? dz .
Dy peH (), /(D)4
ol 21

Consider, for p > 0, the following minimum problem:
min{F*(v) : v € H(lr)u(Q\F)},
where we define the functional

1 . _
P =g Ve — @@

+ <din (@“Vpuf) , 1}7>

r M

H™3(M)xH3T) "
Since the equation defining vg” is the Euler-Lagrange equation for F* we have
that vg“ is the unique solution of the above minimum problem. We claim that

FF(v) > 1/ |Vo]?da — C, (6.4)
4wy,

for a suitable constant C' > 0. Taking (6.4) for grant, we conclude. Indeed, noticing
that

1
min{F*(v) : v e H(lp)“ (O\I)} = —3 /(F) Vb, | da, (6.5)
m
from (6.4) we get that
sup/ |vau 2de < M,
#>0J(T),

for some M > 0. So, up to a not relabelled subsequence, v%, — w weakly in H'(Q\
), as p — 0. It is easy to see that w = 0. Then, using equation (6.3) where we
take as a test function Vo4, itself, the uniform bound on [|divy (¢"Vru®) ||H,%(F) )
and the compactness of the trace operator, we finally get:

Vol ?de =0, as w— 0.
(]
(F)u

We are now left to prove estimate (6.4). Fix i > 0 and let ®, := ¢*Vpu™. Then:

(divp (@"Vru®),vT) oy < dive@, |y

-1 1 [
H™2(T")xH (1) HzZ(T)

g2 C
< C?H””Hl((l‘)ﬂ) + 522

g2 C
< C5IIVollzz () + 20
Thus, taking € > 0 sufficiently small, we obtain the desired estimate. O

Remark 6.2. In view of the result of Theorem 5.1, it is not restrictive to suppose
an admissible set U to be of class C*°, meeting 92 orthogonally. Indeed, by (6.5),

it follows that
—/ |V, |* do > —/ Vv, |*dz,
Ul U2

for every ¢ € H YT), whenever U; and Uy are admissible subdomains such that
Uy C Uy. Hence, given a regular critical and strictly stable triple point (u,I")
and generic admissible subdomain U, we can write U = (", U, , with U,, admis-
sible subdomains where (u,I") is strictly stable, that are of class C°° meeting 9
orthogonally.
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7. APPENDIX

7.1. Results on elliptic problems. The following theorem collects some regular-
ity results on elliptic problems in domains with corners we will need in the following.
All these results can be found in the book of Grisvard (see [9]).

Notation. In this section we will consider operators L written in the form

2 2
Lu=— Z Di(aiiju) + Z a;Diu + agu,
i=1 i=1

where D; denotes the partial derivatives with respect to the variable x;.

Definition 7.1. We say that an open and bounded set A C R? is a curvilinear
polygon of class C™*, with r € N and s € (0, 1], if the following are satisfied

(i) OA is a simple and connected curve that can be written as
0A = Uf:l;yi )

where each ~; is a open curve of class C™*, and k € N,

(ii) denoting by P; the common boundary point of 7; and ~;+1 (and by Py
the common one of v, and =1 ), and by w; the angle in P; internal to A,
we have w; € (0,27).

Theorem 7.2. Let A be a curvilinear polygon of class CY ', and let L be an
elliptic operator defined on A, with coefficients of class C%'. Then, the following
a priori estimate holds true:

[ull 72 ) < Cr ([l Lullz2a) + 0vul] + [l + Collullgray,  (7.1)

H? (0A) 3 (aA))

for suitable constants C1,Co > 0 and for all u € H*(A).

Given f € L*(A), let u € H'(A) be a weak solution of the problem
Lu=f inA,
u=0 on~y, forieN,
u=20 ony;, forieD,
where N, D is a partition of {1,...,N}. Then w can be written as
N .
U = Ureg + Z u;ing ’
i=1
where ureq € H*(A) and ul,, € H'(A) are such that u'

sing sing

open set V; such that P; & V;.

€ H*(V;) for each

Finally, suppose that
T ifj,j+1€D, orj,j+1eN,
Wi S T .
5 otherwise .

Then u € H*(A). Moreover, if D is not empty, (7.1) holds with Co = 0.

Finally, we need a continuity theorem for elliptic problems (for a proof see, e.g.,
[11, Remark 2.2]).

Theorem 7.3. Let (Ls)se(—s,5) be a family of uniformly elliptic operators defined
on a curvilinear polygon A of class C*', and let N', D be a partition of {1,..., N},
with D # @ . Suppose that, for s € (=6,0), the functions

s ai;(-, 9) s+ ai(-s), s+ ap(-8),
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and
s fs € H1(A)
are continuous and that there exists a constant M > 0 such that
laij(z,s)| < M, lai(z, )| < M, lao(z,s)| < M,

for all s € (—6,6) and for a.e. x € A and . Given v € H*(A) let us consider the
operator
T: (-6,6) — H!
s U

where ug is a weak solution of the problem

Lsu:fs ZTLA,
O,u=0 on;, fori € N,
Ug =V on y;, forieD.

Then T is continuous.

7.2. Extension results. We start by stating the version of the Whitney’s exten-
sion theorem needed in the proof of Proposition 4.11. We first need to set some
notation. Given k = (ki,...,k,) € N? and v € R?, let

k| := k1 + ks, vk = okryhke
If f is a |k|-times differentiable function, we set
oIkl f okl f
D¥f(z) = T) = z),
f@) dxk D ke

where D° = f.

Definition 7.4. Let X be a compact subset of R?. We define the space C"(X) as
the space of functions f : X — R for which there exists a family F := {Fk}|k|§h
of continuous functions on X, with F® = f, such that, for every |k| < h, it holds

h—k|
sup |F¥() = FX(y) = D7 Fa)ly— o) =o(r" ). (72)
z,y€X, 0<|z—y|<r lil=1

Moreover, we define

[ Fllerx) = Z 1] co(x) -
|k|<h

Theorem 7.5 (Whitney’s extension theorem). For every h > 1 and L > 0 there
exists a constant Cy > 0, depending on h and L, with the following property: if
X C By is a compact set of R? and f € C"(X), then there ewists a function

f e C>®(R2\ X) N C"R2) such that
Dkf: FE on X, for every |kl < h,

and N
I fller@ey < CollFllonx) -

We now present a technical result regarding the extension of a function defined
on the boundary of a set to functions defined in the whole set. The raison d’étre of
this result (instead of making use of the Whitney extension Theorem) is because we
will apply it in 5.2, where we are not able to provide the estimates at xy needed in
order to apply Whitney’s theorem. Moreover we also need to control the behavior
of the functions ¢ — ®4(x) for x € Q and this turns out to be more clear by using
our extension result.
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Lemma 7.6. Let A C R? be an open bounded set whose boundary is a curvilinear
polygon of class C*. Let us write A = UN. 5%, with v open curve of class
C* up to their closure. Assume that for each i =1,..., N we are given a function
it = R2 of class C* in such a way that UX_, f'(v*) turns out to be a curvilinear
polygon of class C*. Let us suppose that each internal angle of OA and of OB is
less than or equal to 7, where B C R? is the open set whose boundary is given
by UN, fi(+"). Finally, let g : A — B be a C*~1 function and let K C Q be a
compact set. Then there exists a function f: A — R? such that

(i) feC* 1 (AUL, ),

(ii) f=f" on~",

(iii) f=g on K.

Proof. Tt is clear that the technical difficulties are only due to the presence of the
corners in the boundary, because otherwise we can just use a standard extension.
Thus the idea is to provide a local extension near each corner point and then to
glue it with a standard extension in the rest of the boundary.

So, let us concentrate in a neighborhood of a corner point P (that is, in what
follows we will always suppose everything to be done in a small ball around P),
and let us denote by +* and 7/ the two curves meeting in P. We are now going to
describe a construction of a vector field in a tubular neighborhood of 77 that will
be subsequently applied to other (couple of) curves. In what follows the normal
vector field to the curve will be the one pointing inside the set A or B.

For each point z € 47 let us consider the curve 7%+ (x — P), that is the curve ~*
translated in x. By the implicit function theorem there exists § > 0 such that for
each y € (77)s (the d-tubular neighborhood of 77 intersected with the set A) there
exists a unique point 71'{ (y) € 79 such that y belongs to the curve v+ (x— P). This
is possible because |7¢(P) - v7(P)| > 0 and we are working only in a ball around
the point P. Notice that the map y +— 7rf(y) is of class C*~!. Let us define the
vector field V7 : (y7)s — R? by

VI (y) = xpu (] ()7 (y) + (1= xu (7] (9) )V (9)
where y,(z) := X(Ixﬁ#) and with 7%(y) we denote the vector 7(y — (z — P)).
By construction, the vector field V7 is of class C*~1. By using the implicit function
theorem we obtain the existence of § > 0 such that for each y € (77)s there exist
a unique 7rJV(y) € 77 whose trajectory along the vector field V7 passes through y.
Notice that the map 7r;/ is of class CF~1,

We will apply the above construction, mutatis mutandis, also to the curve ~
and to the couple of curves fi(y%) and f7(7’) and we will denote by 7} and %}/
respectively the projections on fi(v;) and on f7(y7). Let § > 0 such that all the
above projections are well defined in the J§-tubular neighborhood of each curve.
Let us denote by C% the region of f(A) where both the projections 7} and 7’

are defined. There we can define the projection 7 : C% — fi(y%) x fi(47) as

m(y) = (7} (v), 7} (y) ) . Notice that 7 is of class C*~1. Finally we denote by N}

the region of (v*)s where the vector field V* is the normal vector field v* and by

N; g the region of (77)s where the vector field V7 is the normal vector field v7.
We can now define our extension as follows: for y € (/)5 U (v/)s, let

f@) =xa@)m (i (= W), £ (=) v)))
+ (1= xa) [ Ly ) [ (7 ) + dly, /)7 (F (7Y )]

+ Ly () [ () () + dly, 7)o (7 (F}/(y)))ﬂ :

)
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where with 77 and 77 we denote the normal vector fields to fi(y%) and f7(47)
respectively. Notice that f agrees with f* and f7 on ~* and 47 respectively.
Moreover, the function f is, by construction, of class C*~1.

FIGURE 4. The idea of the construction of the extension f.

_ We repeat this procedure for all the corner points of 9A, obtaining a function

f:(0A)s — B. We have now to glue f with g. Let ¢ := min{d,d(K,04)} and

take a snooth curve ¥ C AU (§A);s that does not touch A, and let us denote by
2

d(-,¥) the signed distance from 7, where is oriented in such a way that the normal
points inside A. We then define the function f as

fly) = x(dQ((éy)’j)>f(y) + (1 —x<d2((§/)’§)>>g(y)~

7.3. Technical results. We now prove a technical result.

Lemma 7.7. Let v C Q be a simple curve of class C' meeting OQ orthogonally
in a point . Let X € C'(y;R?) be such that X (%) = 750(Z). Then, the vector

field defined as

s | X on 1,

Xi= { Toa  on OS),
belongs to C*(T' U 0; R?).
Proof. Denote by 7 the tangent vector field on ~. Define

~ ~ xz — T
DX@)r(@)] = DX@@)], DX@w) = x(E0) Dron(@ ran(@)]

for z € v, and

DX ()fron(a)) = Droa(@)iron(x)], DX ()von(e)] = x( L2 ) DX @)r(a)],

for x € 09, for a constant £ > 0. Then condition (7.2) is easily satisfied if z,y €
or z,y € 0. In the case z € v and y € 9N, we simply write y—z = (y—Z)— (2 —1T)
and we use the triangular inequality we get the desired estimate. O

We now prove the necessity of non-negativity of the quadratic form for local
minimizers.
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Proof of Proposition 4.11. Step 1. Suppose the statement holds true for all func-
tions ¢ € HY(T') such that ¢' € C(T;) for i = 1,2,3. Then the result follows.
Indeed, fix ¢ € HY(I') and consider approximation by convolution (). of each
©; (where we have previously extended each ¢° to an H! function defined in a
regular extension of T';). Now let h. := (¢! + @2 + ¢3)(x0) and define

QZS = 902 —he.
Then ¢, := (oL, @2, 52) € I:Tl(]."), 0L — " in HY(TY) for i = 1,2 and @2 — ¢3
in H'(I'3). By the continuity of the quadratic form GZMS((U, I); U) with respect
to the H' convergence, we obtain that

PMS((u,I);U)[p] = ;I_I% PMS((u,I);U)[pe] > 0.

Step 2. Let ¢ € HY(I') such that @' € C°°(T;) for all i = 1,2,3. The idea is
the following: let X € C%(Q;R?) be a vector field such that X - vgn = 0 on 99,
X =0 in 9pQU (Q\U) and suppose X - ¢ = ¢* on I'. Then, by considering the
flow (®;); generated by X, we have

d2
0< @MS((u, I);U)

where the inequality follows by the local minimality property of (u,I"). Our strategy
would be to work by approximation, i.e., we will construct a family of vector fields
(X®). C C%(Q;R?) satisfying X© -vpg =0 on 9Q, X =0 in 9pQ U (Q\U) and
such that X¢-v' — ¢’ on I'" as € — 0.

For every z € I'; define the vector

Y (2) = @' (2)vi(z) + V' (2)73(2)
for some function b* € C*(T;), that we have to choose. The functions b;’s will be
chosen in order to satisfy the following conditions:
(i) Y(z) = ¢'(z)vi(x) for = € T;\Bs(zo), for some § > 0,
(ii) Y is well defined in zg,
(ili) DY (xo)[m + 2 + 73] = 0.
Thus, we require b'(z) = 0 if |x — 29| > § in order to satisfy (i) and, in order to
obey also (i¢) and (i%i), we impose the following conditions
R
R

= 0*MS((u,1);U)[¢],

|t=0

bj)(xo) =0,

for all i # j=1,2,3, and
3
Z [ViDl"i(pi + TiDl"ib’L] (350) =0,
i=1
respectively, where in the derivation of the last one we have used the fact that
H;(xo) = 0, and hence Driv;(xg) = Dri7i(zo) = 0. Notice that it is possible to
choose the b'’s in such a way that all the above conditions are satisfied.

So, choose functions b'’s satisfying the above conditions, and define the vector
field Y : TUAQ U (Q\U) — R? as follows:

B Y (x) itexel,
Y =< a(@)roq(z) if z€0Q,
0 in Q\U,

where a € C1(0) is any function such that a =1 in a neighborhood of dT' N 99
and a = 0 in dpQ U (U N ON). Applying Lemma 7.7 we can easily infer that
Y € CHT U U (2\U);R?). So, by using Whitney’s extension theorem, we can
extend Y to a vector field Y € C1(Q;R?).
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Finally, we need to take care of the regularity of the vector field and of the
tangential condition on 92. To do so, by using convolutions, we can approximate
Y with vector fields X € C°°(Q;R?) such that X¢ — Y in C*(Q;R2?). Notice
that supp X¢ CC U’ \IpY, where U’ D U is an admissible subdomain. Now define

2

Xe) e | @ = x(3) (X von)von)w) it 2=y + smonly), s <5,
Xe otherwise.

In this way X¢-vgq =0 on 092, and we still have that X¢ — Y in CH(Q;R?). In
particular we have that ¢f := X¢-v* — X -v¢ = ' on I'. This allows to conclude.
Indeed, let (®°); be the flow generated by the vector field X¢, with ®§ =Id, and
let T's := ®5(T") be the evolution of I' through this flow. Then, we have that

02 MS ((u,T);U)[g] = lim 6> MS ((uF,T); U) [

: d2 € £

where in the first equality we have used the continuity of 9°MS. O
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